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Abstract: This is the written version of a talk I gave at the 35th Symposium Ahrenshoop 



in Berlin, Germany, August 2002. It is an exposition of joint work with S. Doplicher, 
K. Fredenhagen, and Gh. Piacitelli |l| . The violation of unitarity found in quantum field 
theory on noncommutative spacetimes in the context of the so-called modified Feynman 
rules is linked to the notion of time ordering implicitely used in the assumption that 



perturbation theory may be done in terms of Feynman propagators. Two alternative 
approaches which do not entail a violation of unitarity are sketched. An outlook upon 
our more recent work is given. 



1 Introduction 



Oh 
> 

x 

Noncommutative spacetimes are studied for various reasons, one of them being the Ge- 
dankenexperiment that Heisenberg's uncertainty relation along with the laws of classical 
gravity leads to a restriction as to the best possible localization of an event in spacetime. 
The idea is that the simultaneous measurement of two or more spacetime directions with 
an arbitrarily high precision would require an arbitrarily high energy which in the end 
would result in forming a horizon, cf. for instance ||. Another motiviation is based on 
string theory ||. 

The mathematical model on which our analysis is founded was defined in |J, where 
continuous spacetime is replaced by a noncommutative *-algebra S generated^ by Her- 
mitean noncommutative coordinate-operators qo,---,Q3 with g y ] = iQ^ v subject to 
"quantum conditions" , 

QnvQ^ = , (| Q, u Q pa e^ f = A 8 P / , [q P , Q»A = (1) 

where Xp is the Planck length. The quantum conditions are Poincare invariant, and 
entail that for any state uj in the domain of the [q^^u], the uncertainties A^q^ = 

§ corresponding author : balins9mail.desy.de 

1 To be exact, I should mention that the noncommutative coordinates are merelyaffiliated to the noncommutative algebra 
in the sense of Woronowicz, but in this talk I shall skip all technical details. See 



<Ju(cfy — w(^) 2 fulfill the following space-time uncertainty relations 0, 

Ag ■ (A gi + Ag 2 + Ag 3 ) > Ap , A ?1 ■ Ag 2 + A ?1 ■ Ag 3 + Ag 2 ■ Ag 3 > Ap (2) 

Note that while it is obvious that for spacelike noncommutativity the first of the above 
uncertainty relations is trivial, it is not clear whether for lightlike noncommutativity Q, 
where Qi UI Q ttv = Q^v Q pa e^ upa = 0, such uncertainty relations hold at all, since in the 
above framework both right hand sides would be zero, cf. |2|, p. 199]. 

The regular realizations of the quantum conditions lead to the Weyl-Wigner calculus 
of ordinary quantum mechanics. In particular, the product in £ is given by the twisted 
convolution, 

f{q)g{q) = J d 4 k dH f(k) g(l) e^ kQl e^+W?" = J d * k e *M" (/ * g )( k ) ( 3 ) 
with / e ^ r L 1 (IR 4 ), / = J 7 ^ 1 /, where T is the ordinary Fouriertransform, and 

f*g(x) = J dx 1 dx 2 e 2i ^ Q " 1 ^ f( Xl )g(x 2 ) (4) 

In the literature (|3|) is often thought of as being defined by the inverse Fourier transform 
of the Moyal star product instead of the product (f|). 

It should also be stressed that in the approach followed here, Q is not a fixed matrix, 
but that by the quantum conditions, the joint spectrum S of the operators Q^ u is home- 
omorphic to the non-compact manifold TS 2 x {1,-1} and that £ is a trivial bundle over 
S. The full Poincare group acts as automorphisms on £, and derivatives may be defined 
as the infinitesimal generators of translations. Note also that the evaluation in a point 
f(q) — > f(a) is not a positive functional on £. For all details see [0. 



2 Perturbation Theory 

In 0] the free field on £ was formally defined as 

^ := (2^Wj a(k) ® ^ + a " (k) ® ^ 1 ^V5T= =J^m (5) 

where (f>(q + x) := is to be understood as an operator valued distribution, 

/>—>•/ dx f(x)(f>(q+x). From (|3|) we deduce that products of fields are nonlocal, rendering 
the perturbative definition of an interacting quantum field theory difficult, since it is for 
instance far from obvious how the time ordering or time-zero fields should be defined. 
Moreover, no equivalent of Osterwalder-Schrader-positivity has yet been proved, and it is 
unclear how a Euclidean version of the theory could be related to a quantum field theory 
in the Minkowski regime^] Let us now consider the so-called modified Feynman rules 
as one possible approach to treating interactions on noncommutative spacetimes. 



2.1 Modified Feynman rules 

Starting point of this approach is the action functional 

S[cf>) = J d 4 q (Co(q) + A^r) = J d A x (£ {x) + A (6) 

n 

2 In fact, since I gave this talk, we have found that the Euclidean approach and the one on Minkowski space cannot be 
easily related as certain tadpoles which are finite in the Euclidean regime cease to be so on Minkowski space. 



where J d A q is the trace on S. In the literature, the twisted convolution (or the Moyal 
star product) is often taken at a particular point a G £, and thereby Lorentz invariance 
is broken explicitely. 

Since J d A q f(q)g(q) = J d A x fg(x), the free action is the same as in ordinary quantum 
field theory, whereas the interaction is nonlocal, and given by 

A J d%...d A k n 4>(k 1 )...^(k n )e"^ ktak3 5^(Zk l ) (7) 

It is therefore tempting to assume that the ordinary perturbative setup can be used, where 
Feynman propagators serve as internal lines. The nonlocality of the interaction is then 
taken into account by simply adding adequate twisting factors exp (— | J2i<j kicrkj) at the 
vertices. 

Unfortunately, as was shown in [|J, this setup leads to a violation of unitarity, since 
in 3 -selfinteracting theory at second order perturbation theory the optical theorem does 
not hold, i.e. 2 Im — {^) — 7^ I — "\ | 2 ' umess spacelike or lightlike noncommutativity is 
assumed. 

In [0] we have linked this phenomenon to the definition of time-ordering by comparing 
the modified Feynman rules with two alternative approaches which independently of the 
chosen quantum conditions do not entail a violation of unitarity. 



2.2 Hamiltonian approach 

The first of these approaches was already given in M and is based on the introduction of 
a Hamiltonian, 

H(t)= J d 3 qH{q) = J d 3 x(n^{x) +H I (x) 

q =t XQ=t 

where J qo=t d 3 q is defined as a positive weight on S, 7i.o(x) is the ordinary free Hamiltonian 
and the interaction Hamiltonian is given in terms of the twisted convolution, 7ii(x) = 
A :</>*...* 4>(x) :. As in ordinary field theory, the corresponding S"-Matrix is then defined 
formal power series in the coupling constant, 

00 (—i) r r 

S = I + J2 ^— r~ / dtr T-ff(ii) . . . H(t r ) (9) 



r=l 

where the time ordering TH(ti) . . . H(t r ) is defined with respect to the parameter times 
ti, . . . , t r , and therefore separated from the nonlocal products. Since the Hamiltonian is 
symmetric, i.e. H(t)* = H(t), the ^-matrix is obviously unitary (up to possible violations 
arising in the renormalization procedure). 

The explicit difference between this approach and the modified Feynman rules was 
sketched in 0. For instance, at second order in 3 -interaction, the Hamiltonian approach 
would yield the following contribution to the S'-matrix, 

dhdt 2 0(ti - t 2 ) J d 6 x J d s y : 0(x)* 3 : : <p(y)* 3 : (10) 
/ dt x dt 2 9(t 2 - t t ) [ d 3 y [ d 3 x : (j)(yy 3 : : 0(x)* 3 : (11) 



3/0=*2 XQ=t\ 



with the Heaviside function 9. In order to calculate expectation values of the above ex- 
plicitely, we apply the Wick theorem and pick up all possible contractions, using ordinary 
formulas such as (f2|0(&i)0(&2)|^) = (2ir)~ A A + (k2)5(ki + k 2 ). One immediately finds that 
some contractions will involve only pointwise products, while some will involve twisted 
convolutions. The former are referred to as planar contributions while the latter are called 
nonplanar. 

The important observation then is that contrary to the assumption made in the context 
of the modified Feynman rules we do not have Feynman propagators in terms which involve 
twistings. For instance, we find the following nonplanar contribution to the fish graph: 
9 ■ A + * A + + (1 — 9) ■ A_ * A_ where the symbol * is used instead of * to indicate that the 
twisted convolution is to be taken with respect to 2Q. While the corresponding planar 
graph 9 ■ A+ + (1 — 9) • A 2 _ indeed yields the square of the Feynman propagator, Af*, this 
is not the case for the nonplanar contribution, 

9- A+*A+ + (l-0)- A_*A_ ^ A F *A F (12) 

unless the Heaviside function 9 may pass the twisted convolution, in the sense that 
9 ■ A± -k A± = 9A± * 9A±. This is not generally true, but may be done only in the 
case of spacelike or lightlike noncommutativity. In these cases, the assumption that Feyn- 
man propagators serve as internal lines is compatible with the requirement that the theory 
be unitary For additional explicit calculations in this framework see |J. 

2.3 Yang Feldman equation 

A covariant approach to perturbation theory on the noncommutative Minkowski space 
was given in Q. It is based on the field equation and results in a direct perturbative 
definition of the interacting field fTj. As early as 1952 this approach was already used in 
the analysis of nonlocal field theories ||. The idea is to solve the field equation 

(□ + m 2 )0(g) = -A0(gr 1 (13) 

perturbatively by 

oo 
k=0 

Identifying 4>o{q) with the incoming field (f>i n (q), we have at k-th order 

<Pk{q) = J dy A ret (y) ^ Ml ~ V) ■ ' ■ (s - v) ( 15 ) 
fci+...fc„_i=fc— l 

with ordinary retarded propagators A ret . As in the Hamiltonian approach, the time or- 
dering is thus separated from the nonlocal products. The graph theory of the above 
construction is given by rooted trees with n — 1 branches at each vertex and with re- 
tarded propagators connecting different vertices. Unitarity in this context means that the 
interacting field must be Hermitean, which it obviously is if we assume that the incoming 
field is Hermitean. 

As an explicit example let us again consider 3 -theory, where we have only 2 branches 
at each vertex, such that at first order, the interacting field is 

Mi) = j dy A ret ( y ) Mi - y)Mi - y) ^ q q ~ y (16) 



(14) 



and at second order, 

4>2{q) = [ dy A re t(y)(MQ-y)Mq-y) + Mq-y)Mq-y)) ( 17 ) 

dy A ret (y) J dz A ret (z) ( <p (q - y) </>o(<? - V ~ z) <f>o(q - y — z) (18) 

+ Mq-y - z )Mq-y - z )Mq-y)) ( 19 ) 

\V- q-y-z q-y- z y 

= 'izi + Yrr v < 20 > 

Again, loop graphs appear when products of fields are Wick-ordered. On the ordinary 
Minkowski spacetime, these graphs are known as Dyson's double graphs, since they in- 
volve both retarded propagators A ret as well as propagators A* 1 ) := A + + A_. On a 
noncommutative spacetime they cease to be equivalent to Feynman graphs. As an ex- 
ample consider again the fish graph which may in terms of the twisted convolution be 
written as 

d 4 ke ikq I d A xe~ ikx 



■( J dyA ret {y) J dz{A_-A ret {z)+A ret -A + {z))(f> {x-y-z) (21) 
+ J dyA ret (y) J dz ( A_ * A rei (2;) + A ret * A + (z)) 4> (x - y - z 




, + f + (23) 

Thus we have again found a planar and a nonplanar contribution. And while in the 
planar contribution the time ordering from the retarded propagator may be absorbed 
into a Feynman propagator, 

A ret (A + + A_) = -iA 2 F + iA 2 _ (24) 

this is not the case for the nonplanar contribution, where an additional product of retarded 
and advanced propagators appears, 

A ret * A + + A_ * A ret = — i A F * A F + i A_ * A_ + i A ret ★ A av (25) 

Precisely this term, which is not present in the context of the modified Feynman rules, 
is needed to render the theory unitary Q. It is absent if spacelike or lightlike noncom- 
mutativity is assumed, since then #A * (1 — 9) A = 9(1 — 9) ■ A * A = 0. We may thus 
conclude again that only in these special cases, unitarity is compatible with the assump- 
tion that the time ordering may be absorbed in Feynman propagators alone, while the 
Yang-Feldman approach always renders a unitary theory. 



3 Outlook 

In the above discussion I have not stated what the correct definition of the Wick product of 
fields should be. But since some tadpoles remain finite on noncommutative spacetimes || , 
we should expect them to be different from those appearing in the ordinary case. 



As an example let us consider a 3-fold product of fields. In ordinary quantum field 
theory, all tadpoles would be infinite, and the Wick product defined as 

:0(xi)0(x 2 )0(x 3 ): = 0(xi)0(x 2 )0(x 3 ) - A + (x x - x 2 )<p(x 3 ) (26) 

-A+(xi - x 3 )0(x 2 ) - A + (x 2 - x 3 )<fr(xi) (27) 

would be well-defined at coinciding points. However, on a noncommutative spacetime, 
where we are interested in products such as 

<f>{q + xi)0(g + x 2 )(f)(q + x 3 ) (28) 

the subtraction corresponding to the first term in (^7j) yields the following nonplanar 
expression, 

J dkA + ( Xl -x 3 - Qk) 4>{k)e ik(q+X2) (29) 

which remains well-defined at coinciding points xi = x and therefore does not need to be 
subtracted. Moreover, it is nonlocal in the sense that it cannot be written as a product 
of a distribution and a field, and therefore, it should not be subtracted. The precise 
definition of Wick products where only infinite, and (in the sense suggested above) local 
terms are subtracted, as well as the proof of the adequate Wick theorem are part of our 
current research. We hope to be able to shortly produce our results on these questions 
as well as comment on the surprising consequences for the so-called ultraviolet /infrared 
mixing problem |J. 



References 



[1] 
[2] 
[3] 



[4] 

[5] 
[6] 

[7] 



[9] 



D. Bahns, S. Doplicher, K. Fredenhagen and G. Piacitelli, Phys. Lett. B 533 (2002) 
178 ||arXiv:hep-th/0201222 . 



S. Doplicher, K. Fredenhagen and J. E. Roberts, Commun. Math. Phys. 172 (1995) 
187. 



A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802 (1998) 003 [|arXiv:licp 



th/9711l62j| , V. Schomerus, JHEP 9906 (199 9) 030 ||arXiv:hep-th/9903205 



N. Seiberg and E. Witten, JHEP 9909 (1999) 032 ||arXiv:hep-th/9908142 



J. Gomis and T. Mehen, Nucl. Phys. B 591 (2000) 265 ||arXiv:hcp-th/0005129|| , 
O. Aharony, J. Gomis and T. Mehen, JHEP 0009 (2000) 023 ||arXiv:hep-th/0006236|l . 

T. Filk, Phys. Lett. B 376 (1996) 53. 



Y. Liao and K. Sibold, Eur. Phys. J. C 25 (2002) 469 [|arXiv:hep-th/0205269||, Y. Liao 



and K. Sibold, Eur. Phys. J. C 25 (2002) 479 [|arXiv:hep-th/0206011 



C. N. Yang and D. Feldman, Phys. Rev. 79 (1950) 972, G. Kallen, Arkiv for fysik, 
Bd. 2, Nr. 19 (1950), 

P. Kristensen and C. M0ller, K. Dansk. Vidensk. Selsk. Mat.-Fys. Medd. 27, No.7 
(1952) 



S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 0002 (2000) 020 [ |arXiv:hep 



th/ 99 12072|| , M. Van Raamsdonk and N. Seiberg, JHEP 0003 (2000) 035 [ |arXiv:hep 
th/0002186|| . 



